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vABSTRACT
Many problems in science and engineering require the solution of the Dirichlet
problem and Neumann problem with discontinuous coefficients. In this thesis, a
boundary integral equation method is developed for solving Laplace’s equation with
Dirichlet condition and Neumann condition with discontinuous coefficients in both
simply and multiply connected regions. The methods are based on a uniquely
solvable boundary linear integral equation with the Neumann kernel. For numerical
experiments, discretizing each integral equation leads to a system of linear equations.
The system is then solved using the generalized minimum residual method (gmres)
powered by the fast multipole method (FMM). After the boundary values of the
solution of the Dirichlet problem and the Neumann problem with discontinuous
coefficients in both simply and multiply connected regions are computed, the solution
of the problem at the interior points are calculated by means of the Cauchy integral
formula. The numerical examples presented have illustrated that the boundary
integral equation methods developed yield high accuracy. Then a method by using
these concepts is suggested for solving the mixed boundary value problem. The
method is based on converting the mixed problem to a Riemann-Hilbert problem with
discontinuous coefficients which is then reduced to two Dirichlet problems, one with
discontinuous coefficients and one with unbounded coefficients.

vii
TABLE OF CONTENTS
CHAPTER TITLE PAGE
DECLARATION ii
DEDICATION iii
ACKNOWLEDGEMENT iv
ABSTRACT v
ABSTRAK vi
TABLE OF CONTENTS vii
LIST OF TABLES x
LIST OF FIGURES xi
LIST OF ABBREVIATIONS xiv
LIST OF APPENDICES xv
1 INTRODUCTION 1
1.1 Introduction 1
1.2 Background of the Problem 2
1.3 Problem Statement 2
1.4 Research Scopes and Objectives 3
1.5 Simulation Tool 3
1.6 Thesis Outline 3
2 LITERATURE REVIEW 5
2.1 Introduction 5
2.2 Some of Previous Studies 9
2.2.1 Separation of Variables 9
2.2.2 Poison’s Theorem 13
2.3 Simply Connected Region 15
2.4 Dirichlet Problem with Continuous Coefficients 16
2.5 Neumann Problem with Continuous Coefficients 16
2.6 The Riemann-Hilbert Problem on Simply Con-
nected Region 17
viii
2.7 The Index of Function 18
2.7.1 The Index of Discontinuous Function 19
2.8 Range Spaces 20
2.9 Cauchy Integral Formula 21
2.10 Generalized Neumann Kernel 21
2.11 Integral Equation Related to Riemann-Hilbert
Problem 23
2.11.1 Riemann-Hilbert Problem Implies Inte-
gral Equation 23
2.11.2 Integral Equation Implies Riemann-
Hilbert Problem 23
2.12 Integral Equation Implies Dirichlet Problem 24
3 DIRICHLET AND NEUMANN PROBLEMS WITH
DISCONTINUOUS COEFFICIENTS ON BOUNDED
SIMPLY CONNECTED REGIONS 25
3.1 Introduction 25
3.2 Dirichlet Problem with Discontinuous Coefficients 25
3.3 Fast Multipole Method 30
3.4 Numerical Implementation 31
3.4.1 The Integral Equation 31
3.4.2 The Nystro¨m Method 32
3.4.3 Regions with Corners 33
3.5 Numerical Examples 34
3.6 Extention to the Neumann Problem with Discon-
tinuous Coefficients on Bounded Simply Connected
Regions 68
3.7 Conclusion 87
4 DIRICHLET AND NEUMANN PROBLEMS WITH
DISCONTINUOUS COEFFICIENTS ON BOUNDED
MULTIPLY CONNECTED REGIONS 89
4.1 Introduction 89
4.2 Notations and Auxiliary Material 89
4.3 Dirichlet Problem with Discontinuous Coefficients 92
4.4 Numerical Implementation 97
4.5 Numerical Examples 99
ix
4.6 Extention to the Neumann Problem with Discontin-
uous Coefficients on Bounded Multiply Connected
Regions 121
4.7 Conclusion 136
5 CONCLUSION 138
5.1 Summary 138
5.2 Suggestions for Future Research 140
5.3 Suggesting a Method for Solving Mixed Boundary
Value Problem in Simply Connected Regions 142
5.4 Conclusion 147
REFERENCES 149
Appendices A – C 154 – 159
xLIST OF TABLES
TABLE NO. TITLE PAGE
2.1 Historical background’s table 6
2.2 Historical background’s of BVP 7
3.1 Absolute error |γ(z)− γn(z)| for Example 3.1 39
3.2 Absolute error |u(z)− un(z)| for Example 3.2 43
3.3 Absolute error |u(z)− un(z)| for Example 3.3 48
3.4 Absolute error |u
fem
(z)− un(z)| for Example 3.4 53
3.5 Absolute error |u
fem
(z)− un(z)| for Example 3.5 59
3.6 Absolute error |u
fem
(z)− un(z)| for Example 3.6 63
3.7 Absolute error |u
fem
(z)− un(z)| for Example 3.7 67
4.1 Absolute error |u(z)− un(z)| for Example 4.1 103
4.2 Absolute error |u
fem
(z)− un(z)| for Example 4.2 107
4.3 Absolute error |u(z)− un(z)| for Example 4.3 111
4.4 Absolute error |u
fem
(z)− un(z)| for Example 4.4 116
4.5 Absolute error |u(z)− un(z)| for Example 4.5 121
xi
LIST OF FIGURES
FIGURE NO. TITLE PAGE
2.1 Relations of commonly used numerical methods for solving
engineering problems 8
2.2 The contour for Example 2.1 10
2.3 Simply connected region 15
2.4 The Dirichlet boundary value problem 16
2.5 The Neumann boundary value problem 17
2.6 The Riemann-Hilbert boundary value problem 18
3.1 The branch cut 26
3.2 The region for Example 3.1 35
3.3 The surface plot of Example 3.1 by our method 37
3.4 The surface plot of Example 3.1 by exact solution 37
3.5 The absolute error |γn(z)− γ(z)| for the Example 3.1 38
3.6 The absolute error |γ
fem
(z)− γ(z)| for the Example 3.1 38
3.7 The region for Example 3.2 40
3.8 The surface plot of Example 3.2 by our method 42
3.9 The surface plot of Example 3.2 by exact solution 42
3.10 The absolute error |un(z)− u(z)| for the Example 3.2 43
3.11 The region for Example 3.3 44
3.12 The surface plot of Example 3.3 by our method 46
3.13 The surface plot of Example 3.3 by exact solution 47
3.14 The absolute error |un(z)− u(z)| for the Example 3.3 47
3.15 The absolute error |u
fem
(z)− u(z)| for the Example 3.3 48
3.16 The region for Example 3.4 49
3.17 The surface plot of Example 3.4 by our method 51
3.18 The surface plot of Example 3.4 by FEM 52
3.19 The absolute error |u
fem
(z)− un(z)| for the Example 3.4 52
3.20 The region for Example 3.5 54
3.21 The surface plot of Example 3.5 by our method 57
3.22 The surface plot of Example 3.5 by FEM 58
3.23 The absolute error |u
fem
(z)− un(z)| for the Example 3.5 59
xii
3.24 The region for Example 3.6 60
3.25 The surface plot of Example 3.6 by our method 62
3.26 The surface plot of Example 3.6 by FEM 62
3.27 The absolute error |u
fem
(z)− un(z)| for the Example 3.6 63
3.28 The region for Example 3.7 64
3.29 The surface plot of Example 3.7 by our method 66
3.30 The surface plot of Example 3.7 by FEM 66
3.31 The absolute error |u
fem
(z)− un(z)| for the Example 3.7 67
3.32 The region for Example 3.8 70
3.33 Functions for Example 3.8 71
3.34 The exact surface plot of the solution for Example 3.8 71
3.35 The approximate surface plot of the solution for Example 3.8 72
3.36 The error |un − u| for Example 3.8 72
3.37 The region for Example 3.9 73
3.38 Functions for Example 3.9 75
3.39 The exact surface plot of the solution for Example 3.9 75
3.40 The approximate surface plot of the solution for Example 3.9 76
3.41 The error |un − u| for Example 3.9 76
3.42 The region for Example 3.10 77
3.43 Functions for Example 3.10 78
3.44 The surface plot of the solution for Example 3.10 78
3.45 The region for Example 3.11 79
3.46 Functions for Example 3.11 80
3.47 The surface plot of the solution for Example 3.11 80
3.48 The region for Example 3.12 81
3.49 Functions for Example 3.12 82
3.50 The surface plot of the solution for Example 3.12 82
3.51 The region for Example 3.13 83
3.52 Functions for Example 3.13 84
3.53 The surface plot of the solution for Example 3.13 84
3.54 The region for Example 3.14 86
3.55 Functions for Example 3.14 87
3.56 The surface plot of the solution for Example 3.14 87
4.1 Multiply connected region 90
4.2 The region for Example 4.1 100
4.3 The surface plot of Example 4.1 by our method 101
4.4 The surface plot of Example 4.1 by exact solution 102
4.5 The absolute error |un(z)− u(z)| for the Example 4.1 102
4.6 The region for Example 4.2 104
xiii
4.7 The surface plot of Example 4.2 by our method 106
4.8 The surface plot of Example 4.2 by FEM 106
4.9 The absolute error |un(z)− ufem(z)| for the Example 4.2 107
4.10 The region for Example 4.3 108
4.11 The surface plot of Example 4.3 by our method 110
4.12 The surface plot of Example 4.3 by exact solution 110
4.13 The absolute error |un(z)− u(z)| for the Example 4.3 111
4.14 The region for Example 4.4 112
4.15 The surface plot of Example 4.4 by our method 114
4.16 The surface plot of Example 4.4 by FEM 115
4.17 The absolute error |un(z)− ufem(z)| for the Example 4.4 115
4.18 The region for Example 4.5 118
4.19 The surface plot of Example 4.5 by our method 119
4.20 The surface plot of Example 4.5 by exact solution 120
4.21 The absolute error |un(z)− u(z)| for the Example 4.5 120
4.22 The region for Example 4.6 124
4.23 Discontinuous functions for Example 4.6 125
4.24 Continuous functions for Example 4.6 125
4.25 The surface plot of the solution using FEM for Example 4.6 126
4.26 The approximate surface plot of the solution for Example 4.6 126
4.27 The error |un − ufem| for Example 4.6 127
4.28 The region for Example 4.7 128
4.29 Functions for Example 4.7 129
4.30 The surface plot of the solution using FEM for Example 4.7 129
4.31 The approximate surface plot of the solution for Example 4.7 130
4.32 The error |un − ufem| for Example 4.7 130
4.33 The region for Example 4.8 131
4.34 Discontinuous functions for Example 4.8 132
4.35 Continuous functions for Example 4.8 133
4.36 The surf plot of the solution for Example 4.8 133
4.37 The region for Example 4.9 134
4.38 Discontinuous functions for Example 4.9 135
4.39 Continuous functions for Example 4.9 136
4.40 The surf plot of the solution for Example 4.9 136
5.1 Mixed Dirichlet-Neumann-Robin boundary value problem in
Simply connected region 141
5.2 Dirichlet problem with discontinuous-singular coefficients 142
5.3 The mixed boundary value problem 143
5.4 The details for mixed boundary value problem (5.11) 145

xv
LIST OF APPENDICES
APPENDIX TITLE PAGE
A PAPERS PUBLISHED DURING THE AUTHORS CANDI-
DATURE 154
B HO¨LDER CONDITION, SOKHOTSKYI FORMULAS
AND NYSTRO¨M METHOD 155
C SAMPLES OF COMPUTER PROGRAMS 159
CHAPTER 1
INTRODUCTION
1.1 Introduction
Solving elliptic problems with different types of boundary conditions are
unavoidable parts of computational physics and mechanics. There are many problems
that arise in engineering and science that require knowledge on Dirichlet boundary
value problem. Applications of Dirichlet boundary value problem exist in large number
in classical mathematical physics, such as potential of flow around airfoil, heat problem
in an insulated plate and electrostatic potential in a cylinder.
Physicists and engineers know about immense applications of such boundary
value problems, so formalization of these problems mathematically and obtaining
their solutions by using the most appropriate analytical or numerical method are their
concern. Since in general the problem cannot be solved in closed form, we have to
use the numerical methods to approximate the solution considered. There are many
known numerical methods. The common ones are the boundary integral methods, finite
elements methods and the finite difference methods that are used by many researchers
and also studied extensively.
A classical method for solving boundary value problems is the boundary
integral equation method. The classical boundary integral equations for boundary
value problems are the second kind Fredholm integral equations with the Neumann
kernel. These integral equations are derived by representing the solutions of the
boundary value problems as the potential of a single layer [1].
Boundary integral equations will be studied for the Dirichlet problem with
discontinuous coefficients at arbitrary simply connected regions as well as for multiply
2connected regions in this thesis. These integral equations are Fredholm integral
equations of the second kind such that the kernels are continuous.
1.2 Background of the Problem
The boundary integral equation method is a more direct approach that avoid
conformal mapping. Recently Wegman et al. [2] and Wegman and Nasser [3] have
developed two integral equations with the generalized Neumann kernel that can be
used to solve the solution of Riemann-Hilbert boundary value problem. This method
is based on earlier works in [2, 4, 5] related to the Riemann-Hilbert problem. The
relation between integral equation with the generalized Neumann kernel and Riemann-
Hilbert has been studied in these works. The interplay of generalized Neumann kernel
and conformal mapping has been investigated in [6, 7, 8, 9]. Generalized Neumann
kernel for solving the Riemann-Hilbert problem has been studied in [2, 3, 4, 5, 10].
Solving the mixed Dirichlet-Neumann boundary integral equation with generalized
Neumann kernel has been explained in [11, 12, 13]. Dirichlet and Neumann problem
with continuous coefficients and generalized Neumann kernel have been solved in [14,
15]. Nevertheless, these approach has not been used for solving the boundary value
problems involving first kind of the discontinuous coefficients.
1.3 Problem Statement
The research problem is to reformulate the Dirichlet boundary value problem
with discontinuous coefficients on bounded simply connected region as well as
on bounded multiply connected region into the form of Dirichlet problem with
continuous coefficients and then solve it by using integral equation method with the
generalized Neumann kernel. The research problem also includes Neumann problem
with discontinuous coefficients and finding a method for solving mixed boundary
value problem on simply bounded connected region based on reformulating mixed
boundary value problem into the form of Riemann-Hilbert problem with discontinuous
coefficients.
31.4 Research Scopes and Objectives
1. To reformulate the Dirichlet condition with discontinuous coefficients on
bounded simply and multiply connected regions into the form of Dirichlet
problem with continuous coefficients.
2. To determine the integral equations related to the Dirichlet problem with
continuous coefficients and then solve it numerically by using the integral
equations with the Neumann kernel.
3. To solve Dirichlet boundary value problem with discontinuous coefficients by
using the obtained answer of Dirichlet boundary value problem with continuous
coefficients and compare it with some existing methods or with exact solutions.
4. To suggest a method for solving the mixed boundary value problem on bounded
simply connected region based on reformulating it to a RH problem with
discontinuous coefficients.
1.5 Simulation Tool
MATLAB is very powerful tool for doing computations mathematics, specially
in the case that our primary data are in the forms of vectors and matrices. It is
updated version of software such as Fortran and C/C++ for doing more complicated
calculation. For numerical computing, it includes a large number of mathematical
functions and toolbox. These powerful numerical capabilities are made in state-of-
the-art libraries and LAPACK and BLAS for linear algebra. By mixing these highly
advanced functions and toolboxes with additional leading-edge methods, MATLAB
affords us to gain a fast, robust, and wide collection of numerical routines available.
In addition, MATLAB allows us to customize existing algorithms and make our own
algorithms. In this thesis MATLAB R2011a has been used. All calculations were done
on Intel(R)Core(TM)i5 CPU M460@2.53GHz 2.53GHz Laptop.
1.6 Thesis Outline
This thesis consists of six chapters including this introductory chapter. Chapter
2 can be regarded as preliminaries with general introduction and formulation, historical
4background of the Dirichlet problem and brief review of the some current available
methods for solving the Dirichlet problem with discontinuous coefficients.
Chapter 3 explains some results that will be used for solving Dirichlet problem
with discontinuous coefficients in bounded simply connected region. First, some
preliminaries for solving Dirichlet problem with discontinuous coefficients will be
reviewed. Next, the integral equations will be derived and applied to solve this
problem. Finally, there will be some numerical examples to prove the accuracy of
the suggested method. Neumann problem with discontinuous coefficients will also be
discussed in this chapter.
Chapter 4 is motivated by extending the contents of Chapter 3 to solve the
Dirichlet problem with discontinuous coefficients in bounded multiply connected
region. First, some notations and auxiliary materials will be presented. Next, we
solve Dirichlet problem with discontinuous coefficients in bounded multiply connected
region. Finally, as in Chapter 3, there are some numerical examples to prove the
accuracy of the suggested method.
Chapter 5.3 includes a brief summary of the main results of thesis and some
suggestions for future works. Briefly, based on the contents of Chapters 3 and
4, a method will be presented to compute mixed boundary value problem in any
arbitrary simply connected region as the following orders: First, some introductions
about mixed boundary value problem shall be presented. Next, the mixed boundary
value problem will be re-changed to a Riemann-Hilbert problem with discontinuous
coefficients. Finally, this Riemann-Hilbert problem with discontinuous coefficients
will be solved by decomposing it into two Dirichlet problems, one with discontinuous
coefficients and another one that has coefficients with singularity.
Three appendices are attached in this thesis, Appendices A-C. Appendix A
presents the list of all papers that have been published and presented during the authors
candidature. Appendix B is about some facts related to Sokhotskyi formulas, Ho¨lder
condition and Nystro¨m method. In Appendix C, there are some MATLAB programs
in related to the some examples that are studied in this thesis.
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